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THERMAL BOUNDARY LAYER ON A PLATE IN A NON-NEWTONIAN FLUID 
WITH NONLINEAR HEAT CONDUCTION LAW 
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The flat-plate boundary layer equation for a rheological power law 
and a proposed nonlinear law of heat conduction is reduced to an ordi- 
nary differential equation, which is solved in quadratures using pre- 
viously calculated [2] velocity profiles. Graphs of the temperature and 
heat transfer coefficient profiles are presented. 

We wr i te  the equat ion of the t h e r m a l  boundary  layer  
neg lec t ing  v iscous  diss ipat ion:  

u 0 7 "  a T  ) _ _ a %  (i) 
o c . a x + v -~y  - a--~ " 

In order to solve this equation it is necessary to have 

the velocity profiles u(x, y) and v(x, y), obtained by 
solving the dynamic equations, and to specify the law 
of heat conduction. 

For a fluid governed bythe rheological power law [1] 

n--1 

7 = K (212)~-e, (2) 

in the case  of a plate  and a F o u r i e r  law of heat  conduc-  
t ion at n ~ 1 Eq. (1) does not  have s i m i l a r  so lu t ions .  

Two poss ib l e  fo rms  of the law of heat  conduct ion 
ensu r ing  s e l f - s i m i l a r i t y  of (1) in the case  of a plate  
and fluid (2) a r e  

n - - i  

q = - - H ( 2 1 2 ) - U g r a d  T, (3) 

q = - -  N [ grad T I ~-I grad T. (4) 

Law (3) can be jus t i f ied  on the bas i s  of phenomeno-  
logica l  c o n s i d e r a t i o n s ;  law (4) for plane flow is ana l -  
ogous in fo rm to law (2). At n = 1 both laws go over  
into the F o u r i e r  law. 

We will  d e r i v e  a solut ion of Eq. (1) for law (4). 
Using Eq. (4), we r educe  Eq. (1) to the d i m e n s i o n -  

l e s s  fo rm 

a 0  -q-v, 0 0  _ 1 a ( _ a o ~  n * (5) 

ul  ax--~ ay, s ay~ ag~ ] " 

Here,  

I(c,(  u 

1 

- - _ _  _ _  X U V RT~-n,  x l =  - - ,  
u l - -  U '  v~ = U L 

l 
g ~ :  g_A R ~+~, O=  T - - T ~  

L 7| 

p U ~-" L n 

K 
(6) 

*In the g iven p rob l em 80/3y 1 < O. 

The boundary  condit ions of Eq. (5) have the form 

0 ~ 1  at y ~ = 0 ;  0 = 0  at g~=oo.  (7) 

At s = 1 Eq. (5) for 0 is ident ica l  with the equation 
of the dynamic  boundary layer  for u 1 [2]; in this case 
in accordance  with boundary  condit ions (7), as for law 
(3) when o- = Kcp/H = 1, we have the s i m i l a r i t y  re la t ion  

O =  l - - u  i ( s = l ) .  (8) 

As in [2], going over in (5) f rom x 1, Yt to the 
Prandtl-Mises variables x I, r Yl), we obtain 

0 r  o ' (9) 
ax t s a ~i  ~ a~l / 

where  

d09 = - - u i  d O. (10) 

By means  of the subs t i tu t ion  
1 

~----*i [V~-n ( 1 q- n)x~] : ~  (li) 

we transform (9) into the ordinary equation 

F=z d --~ = ' - (m')  "-~ m " =  (m') ~-~ .  (12)  
s s ( n - -  1) d~ 

Here,  the p r i m e  denotes the der iva t ive  with r e spec t  
to ~, and the funct ion 

z = u~/2 (13) 

sa t i s f i e s  the dynamic  equat ion [2] 

d 
-~ = Vz (z') ~-~ z ~ - - -  

n - - 1  d~ 
(z') n-t, (14) 

whose approx imate  solut ion has the fo rm [2] 

z = C  o Sexp(--~2) d~ ( n =  1), 
0 

r 1 

0 

After  t r a n s f o r m a t i o n ,  
the form 

6 = 1  

(n ~ 1). ( i 5 )  

boundary  condi t ions  (7) take 

at 4==0, 

at ~ = oo. (16) 0 = 0  

From (I0) and (13), using the first of conditions (16), 
it follows that  

0 ( 0 =  1 - - f  m ' d ~  ] f l~_  . (17)  

0 
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Fig. i. Temperature pro[iles in the boundary layer: a and b) at s = 1 
and 20 (i, at n=0.33;2, 0.5; 3, 0o71;4, 1.0; 5, 1o33; 6, 2.0; 7, 3.0); 
c andd) at n ~ 0.33 andn=3 (I, at s=l;2, 2;3, 5; 4, I0;5, 20). 

0 / 2 n 

Fig~ 2. Heat transfer characteristics: I) at s = i; 
2) 2; 3) 5; 4) 10; 5) 20. 
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The integration of Eq. (12) using (14) and (15) gives 

q~' = C~ exp (-- s ;2) (n = 1), 

I 

r  [ s ( n - 1 )  (c~ - ;~ ) ] . -~  ( n ~  l), (18) 

where  C 1 and C 2 a re  a r b i t r a r y  cons tan ts .  Then, in ac-  
cordance  with (17), (18), and (15), 

0(~) = 1 - - C a ~  exp(--s~2)d~ (n = 1), (19) 

o ~ exp (--'v2) d~ 
0 

1 

1-- I [S(~ -1)(C2-~g)tn-~ll d~ ( n  =2(= 1).  ( 2 0 )  

o(:)= j1/F  i(n_ e, 

The cons tan t  C in (20) is  known f rom the solut ion 
obtained in [2]; for n _< 1 C3 and C2 a r e  de t e rmined  
f rom the second of condi t ions  (16), for n > 1 f rom the 
condi t ion 

0 = 0 ,  O ' ~ 0  at ~ = ~ ,  (21) 

where  ~5 c o r r e s p o n d s  to the f ini te  th ickness  of the 
boundary  l ayer  [2]. F r o m  (20) it  follows that C5 = (C2) 1/z. 

The cons tan t  C~ was d e t e r m i n e d  by the method of 
chords  [3]. 

F i g u r e  1 p r e s e n t s  examples  of the ca lcu la t ion  of 
p rof i les  of 0 as a function of ~, where  

n = v, [ V 2  n (1 + ~) x~] l+h = f d ~ . 
ul (;) 

0 

(22) 

It  is c l ea r  that as s i n c r e a s e s ,  the th ickness  of the 
t h e r m a l  boundary  l ayer  d e c r e a s e s  both for n -<- 1 and 
for n > 1. 

Using Eqs.  (4), (6), (10), and (22), we de t e rmine  
the local  heat t r a n s f e r  coefficient  

St = qvlu=o _ Ens (23) 
9 U cp (Tie - -  T ~) I_L 

where n 

[ l /Yn (1 +n ) ]  [ l 9U 2-n x n 
Ell S ~ 

s ' K 

Values of Ens a re  p resen ted  in Fig.  2. 

NOTATION 

p is the dens i ty  of f luid;  c n is the specif ic  heat; x 
is the longi tudinal  coordinate  ; y is the t r a n s v e r s e  co- 
o rd ina te ;  u and v are  the veloci ty  vec tor  components  
along the x- and y -axes ,  r e spec t ive ly ;  T is the abso-  

I lute t e m p e r a t u r e  ; T w is the same  at the wall ; T~ is the 
same  in the ex te rna l  flow ; q is the conductive heat flux 
vec tor  ; ~ is t h e v i s c o u s  s t r e s s  t enso r  ; e is the s t r a in  ra te  
t ensor ;  I2 is the second i nva r i a n t  of t e n s o r  e ;  K and n 
a re  the rheologica l  c h a r a c t e r i s t i c s  of the fluid: tt and 1, 
a re  the heat  conduction c h a r a c t e r i s t i c s ;  Uis  the ex te rna l  
flow veloci ty;  L is the c h a r a c t e r i s t i c  length; R is the 
Reynolds  n u m b e r ;  Rx is the local  Reynolds  number ;  
s and ~ a re  the genera l i zed  Prand t l  n u m b e r s  ; St is the 
Stanton n u m b e r .  
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